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We present a signature formula for compact 4k-manifolds with corners of codimension two which generalizes the 
formula of Atiyah et al. for manifolds with boundary. The formula expresses the signature as a sum of three terms, 
the usual Hirzebruch term given as the integral of an L-class, a second term consisting of the sum of the eta 
invariants of the induced signature operators on the boundary hypersurfaces with Atiyah-Patodi-Singer bound- 
ary condition (augmented by the natural Lagrangian subspace, in the comer null space, associated to the 
hypersurface) and a third “corner” contribution which is the phase of the determinant of a matrix arising from the 
comparison of the Lagrangians from the different hypersurfaces meeting at the corners. To prove the formula, we 
pass to a complete metric, apply the Atiyah-Patodi-Singer formula for the manifold with the corners “rounded” 
and then apply the results of our previous work [ll] describing the limiting behaviour of the eta invariant under 
analytic surgery in terms of the b-eta invariants of the final manifold(s) with boundary and the eta invariant of 
a reduced, one-dimensional, problem. The corner term is closely related to the signature defect discovered by Wall 
[25] in his formula for nonadditivity of the signature. We also discuss some product formulae for the b-eta 
invariant. CQ 1997 Elsevier Science Ltd 
1. INTRODUCTION 
In their celebrated paper [2], Atiyah et al. prove an index theorem for Dirac operators on 
compact manifolds with boundary, under the assumption that the metric is a product near 
the boundary and using a global boundary condition arising from the induced Dirac 
operator on the boundary. In their formula the index-defect, i.e. the difference between the 
analytic index and the interior term (which is the integral over the manifold of the form 
representing the appropriate absolute characteristic lass), is expressed in terms of the eta 
invariant of the boundary operator and the dimension of its null space. An important 
special case of this formula is an analytic expression for the signature of a compact 4k 
dimensional manifold with boundary. Their formula generalizes Hirzebruch’s original 
signature theorem on compact, boundaryless manifolds, and was motivated by Hirze- 
bruch’s conjecture for the form of the signature-defect for Hirzebruch modular surfaces. 
This conjecture was proved later by Atiyah et al. [l] and Miiller [21,20]. There have been 
a number of other generalizations of the APS theorem, notably those of Cheeger [7] and 
Stern [24,23]. 
In a somewhat different direction, one of us [16] reinterpreted and systematized the 
proof of the original APS theorem using the calculus of b-pseudodifferential operators. One 
advantage of this method is the natural way the eta invariant appears in the course of the 
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proof. This had led to families versions of this theorem [17,181, generalizing those of Bismut 
and Cheeger [3]. This proof uses in a fundamental way the fact (used already by Atiyah 
et al.) that the global APS boundary condition is induced by restricting to sections which, if 
a cylindrical end is attached to each boundary of the manifold, extend as square-integrable 
solutions. This discussion also makes it seem more natural to interpret the APS index 
theorem as a result about the complete “b-metrics” on a manifold with boundary which 
slightly generalize the cylindrical end metrics. The same is true of the discussion below; it 
seems most natural to interpret our results in the realm of complete b-metrics on manifolds 
with corners and deduce the results for incomplete metrics as corollaries. Nevertheless, we 
state our result first in the context of an incomplete metric of product type on a manifold 
with corners. 
In this paper we generalize the signature formula of Atiyah et al. to the case of compact 
manifolds with corners up to codimension two. Topologically, these are compact manifolds 
with boundary so we obtain a different formula for the same signature. This amounts to 
a decomposition of the eta invariant, which is exactly how we approach the problem using 
the results of [ll], As part of the definition of a manifold with corners we always assume 
that the boundary hypersurfaces are embedded. Thus, if X is a compact manifold with 
corners, near each boundary face it has a decomposition as the product of the boundary face 
and a neighbourhood of 0 in [0, l)k, where k is the codimension of the boundary face. We 
will show that it is possible to choose consistent product decompositions near all boundary 
faces and a product-type metric on X which respects these decompositions. If b is the Dirac 
operator associated to an Hermitian Clifford module with unitary Clifford connection for 
this metric then it can be expressed, near each boundary face, in terms of natural Dirac 
operators induced on the boundary faces; all are formally self-adjoint. 
In the case of a compact manifold with boundary, Y, let II+ be the orthogonal 
projection onto the span of the eigenspaces, with positive eigenvalues, of the induced Dirac 
operator, &, on the boundary. Since aY itself has no boundary this Dirac operator is 
self-adjoint with discrete spectrum. Let II0 be the orthogonal projection onto the null space 
of aau. The null space of iJy acting on the Sobolev space H1( Y; E), where E is the Hermitian 
Clifford module, with Atiyah-Patodi-Singer boundary condition II+ (U t8Y) = 0, is finite 
dimensional and the image of the map 
{u E H'(Y;E);dyu = 0, l-I+@ tc?Y) = 0} EJU 41°(u tdY) E {u E L2(dY;E);bayu = 0) (1) 
is a Lagrangian subspace, which we denote Ay, for the symplectic structure arising from 
the metric and the Clifford action of the normal variable to the boundary, Let 
IIAPs = lI+ + II*’ is the orthogonal projection, inside the null space of &, onto Ay; we call 
this the augmented Atiyah-Patodi-Singer boundary operator (since in their work they use 
II ‘). Acting on the space 
{u E H'(Y;E);IIAPS(u ti?Y) = 0) (2) 
the operator ?I,, which with this boundary condition we denote ay,ApS, is self-adjoint with 
discrete spectrum of finite multiplicity. As noted earlier, its nullspace consists of those 
spinors u which extend, if a cylindrical end is attached to each boundary, as L2 solutions. 
In case the Clifford module and connection are Z,-graded the index theorem of Atiyah, 
Patodi and Singer can be written 
ind(6:) = 
s 
AS - $M,,). (3) 
Y 
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Here AS is the index density constructed from the Clifford module and connection. The 
usual term involving the dimension of the null space of bdy has been absorbed in the index, 
since this is defined with respect o the augmented Atiyah-Patodi-Singer projection. In the 
odd-dimensional case when the Clifford module is not assumed to be Z,-graded the eta 
invariant of oy,Aps, with augmented Atiyah-Patodi-Singer boundary condition, can be 
defined by the same prescription as in [2]; we shall denote it q(by,&. 
THEOREM 1 (Signature Theorem). Let X be a compact 4kdimensional manifold with 
corners up to codimension two with a product-type metric specified. Let M,, for CI = 1, . . . , N, 
be the boundary hypersurfaces and let Bo,APS be the Dirac operator on M,, induced by the 
signature operator on X, with the augmented Atiyah-Patodi-Singer boundary condition just 
discussed. Then the signature can be written 
The first term is the analogue of Hirzebruch’s formula in the boundaryless case. 
The eta invariants have been described briefly above. The third term on the right-hand 
side in (4) may be described as the “corner correction term”, though it is not solely 
determined by the corner; it depends on the collection of Lagrangian subspaces given by (1) 
for each boundary hypersurface of X. We proceed to describe the corner term more 
precisely. 
Let M,, c1 = 1, . . . , N, be an ordering of the codimension-one boundary components 
of X. The intersections Has E M,nMB are the codimension-two boundaries, i.e. the cor- 
ners. Note that these Ho,@ need not be connected. Let aas denote the Dirac operator 
on H,, induced either by b, on M, or b, on M, (they are the same up to sign). For each 
CI define 
the sum of the null spaces of the Dirac operators on the boundary hypersurfaces of M,. 
The Lagrangian subspace (1) for Y = M, is denoted A, c I’,. Let IT,, II,’ be the ortho- 
gonal projection onto A,, resp. A,’ with respect to the natural L2 metrics induced on 
each null(oZ8), and let S, E II, - II,’ = 2II, - Id be the orthogonal reflection across A,. 
Define 
I/ = @ null(Q& 
a<B 
the direct sum of the null spaces of all the Dirac operators. It is important to note that the 
direct sum of the V, over all u is isomorphic to I/’ 0 V, not I’. Define SL and SR: I/’ + I/ by 
on u,~ E null(o,8), CI < B. These decompose according to the H, grading defined by Clifford 
multiplication by either of the normal variables to aM,. Thus, we may express 
sL=(sLy+ “;-), sR=(sRy+ “y) 
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with respect o this grading. The matrix in (4) is then given by 
I’,, = log/GA 
where 
A= -s 
i 
Id -&, - 
R. + Id 
G is the generalized inverse of 
Id - SR, - _ s 
L, + Id 
and for a diagonalizable matrix (such as GA is shown to be in Lemma 2 below) 
log’(M) = log(M + proj null M) is given by the standard branch of the logarithm. 
If the signature complex is twisted by a flat Hermitian bundle G with flat connection the 
discussion above still holds for the twisted signature with only notational modifications. 
The corresponding result is 
sign(X, G) = 
s X 
T(p)Ch(G) - i i U(%APS) + d trP* 
a-1 
where the terms arise in the same way from the corresponding twisted Dirac operators. Of 
course, Ch(G) is simply the rank of G here. Since the null space of the signature operator 
twisted by a flat bundle depends only on the topology and the representation of the 
fundamental group of X, the deformation arguments in Section 5 hold just as in the 
untwisted case. When G is no longer assumed to be flat, or indeed when more general 
compatible Dirac operators B are considered, this null space is no Ionger stable under 
perturbations. In this case we obtain only an R/Z result: 
THEOREM 2 (General case, R/Z). Let X be a manifold of dimension 2L with corners up to 
codimension two. Let 6 be the Dirac operator associated to a Z,-graded Hermitian Clifford 
module E with unitary Clifford connection over X. Using the notation of Theorem 1 for the 
induced Dirac operators with augmented Atiyah-Patodi-Singer boundary conditions on the 
boundary hypersurfaces of X and for the corner term, and ietting AS denote the index density 
associated to a, we have 
The proof is the same as before, except now the small eigenvalues can no longer be 
controlled in the deformation process. In the particular case in which b is the signature 
operator twisted by an Hermitian bundle G which is no longer assumed to be flat, the 
left-hand side of (2) is simply fx 3(p) Ch(G). 
The complete metrics on the interior of X that we consider are the product-type 
b-metrics. These will be defined precisely in the next section, but they stand in the same 
relationship to the incomplete product metrics we have been considering as complete 
cylindrical end metrics do to incomplete metrics on a manifold with boundary with 
a product decomposition near the boundary. In our opinion, the most natural class of 
metrics to consider are actually exact b-metrics (see [l&J), which converge exponentially to 
these product metrics. The proof for these involves some extra technicalities but no major 
obstacles. They will not be discussed further in this paper. 
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In a recent paper, Miiller [19] has proved an L2-index formula for compatible Dirac 
operators on manifolds with corners of codimension two relative to product b-metrics. 
Although some of his results require no extra hypotheses, his index formula applies only 
when the induced Dirac operators on the corners are invertible. This case is not too 
different, analytically, from the L2 version of the Atiyah-Patodi-Singer theorem on 
cylindrical-end manifolds. In particular, there are no contributions from the corners. 
Unfortunately, it rarely applies to the twisted signature operator since invertibility of the 
operators on the corners translates to the vanishing of twisted cohomology of each Haa. 
Nonetheless, he proves, without this nondegeneracy hypothesis, that the L2 index is always 
finite (even though the operator is not always Fredholm), and in particular for the signature 
operator that this index equals the signature of X. 
A product b-metric g on X induces cylindrical-end metrics on each of the codimension 
one boundaries M,, as well as metrics on each other. The signature operator ad on M, has 
a unique self-adjoint extension on L2(M,), but because of the noninvertibility of the corner 
operators d,, it is never Fredholm; it has a band of finite-multiplicity continuous spectrum 
reaching to zero. Because of this, the spectrum of bx is quite complicated near zero, making 
the general L2-index theorem rather more difficult to prove. We shall circumvent this by 
considering the Atiyah-Patodi-Singer formula for a family of manifolds with boundary, 
X,, which exhaust X, and studying the behaviour of all terms in the formula as E tends to 
zero. 
The formula for this case is quite similar to the one above: 
THEOREM 3 (Signature Theorem, complete metric). Let X be a compact 4k-dimensional 
man$old with corners up to codimension two with a (product-type) exact b-metric specijied. Let 
M,, for u = 1, . . . , N, be the boundary hypersurfaces and let 6, be the Dirac operator on M,, 
induced by the signature operator on X. Then the signature can be written 
As in Theorem 2, there is a similar extension to general compatible Dirac operators 
provided one interprets the formula mod H. 
The b-eta invariants here are defined by replacing the trace over M, in the heat equation 
definition by a Hadamard-regularized trace, called the b-trace, as introduced in [16]. 
Although these are defined with respect o the complete metrics, it is shown in [20] that they 
coincide with the previous expressions ~(b,, HAPS). Thus, all three terms on the right-hand 
side of (9) coincide with the corresponding terms in (4). 
Many of the results presented here are prefigured in [5,4]. He also noted the possibility 
of “rounding the corners” of a manifold with corners in order to apply the index theorem 
for manifolds with boundary. However, he did not address the problem that the APS index 
theorem cannot be applied directly to the rounded manifold since the metric is no longer 
a product near the boundary after rounding. Indeed, in principle, there will be an extra local 
boundary term depending on the second fundamental form [9]. In this paper we treat this 
limit carefully, hence justifying Bunke’s informal arguments. We also discuss the case of 
several boundary hypersurfaces, obtain a formula for the “corner correction term” in terms 
of finite-dimensional determinants and analyse the case when X is a product of two 
manifolds with boundary, in which case the equality (9) is satisfied in a rather curious way. 
In the next two sections we discuss the class of metrics more carefully and set notational 
conventions. After that, the precise rounding of the corners will be described, followed by 
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a discussion of the scattering Lagrangians. The proof of Theorem 3 is then easily obtained. 
We next discuss Wall’s formula (closely following [S], cf. also the earlier article of Rees [22]) 
for the nonadditivity of the signature. In the final section we examine closely the case where 
X is the product of two manifolds with boundary, and we prove product formulae for the 
b-eta invariant. These formulae were obtained by Muller [19] independently. 
2. METRICS 
For simplicity, we restrict attention to the direct subject of this paper, manifolds 
with corners up to codimension two, although the discussion here easily extends to the 
general (higher codimension) case. First we show the existence of metrics which are of 
“product-type” near the boundary, both in the sense of incomplete and complete metrics. 
Let X be a compact manifold with corners up to codimension two with M,, for 
c( = 1, . . . , N, the boundary hypersurfaces. Each M, has a neighbourhood 0, c X with 
a product decomposition given by a diffeomorphism 
F,:O, +[O,,s,)xM, (10) 
for some E, > 0. Here, if x is the variable in [0, E,) then F,*x can be taken as the restriction to 
0, of a defining function x, for M,. We shall show that it is possible to choose these 
decompositions consistently in their intersections in the sense that 
F,*(x,,rK) = xfl, FB*(x, TMa) =x, on O,nOB 
(11) 
F,, = F,o(F, rJ%) = F,,o(F, TML?) on O,nO@. 
Indeed, the decomposition (10) is determined by a vector field I’, which is F,-related to the 
coordinate vector field d/ax in the first factor of the image. Clearly, T/ax, = 1 determines 
x, near M, and F, is the inverse of exp(x, V,) on any surface on which x, is constant. Since 
I’, is just a vector field which is strictly inward-pointing across M, and tangent o the other 
boundary hypersurfaces it can be defined locally and globalized by summing over a parti- 
tion of unity. To ensure (11) it is necessary and sufficient hat the vector fields for different 
boundary hypersurfaces commute near the intersections of the hypersurfaces. Such vector 
fields can be constructed irectly near the corners, using the collar neighbourhood theorem, 
and then extended to neighbourhoods of the boundary hypersurfaces. Thus, a consistent 
product decomposition exists. 
Using such a product decomposition near the boundary faces an incomplete metric of 
product type can be constructed. That is, there is a smooth nondegenerate metric which 
takes the form 
dxt + F”,*h, near M,, dxz + dxi f &ha8 near H,, = M, nMB (12) 
where Fe and paP are the second components of the maps in (lo), and h,, h,, are metrics on 
M,, H,,, respectively. By (ll), h, is a product near the boundary. It is a metric of this type 
which is involved in Theorem 1. 
As well as such incomplete product-type metrics we can consider metrics on the interior 
of X satisfying 
(13) 
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with h, the induced exact b-metric on M, and h,, the induced metric on H,,. This type of 
metric we call a b-metric of product type; it is complete on X0, as can be seen by the change 
of variables t, = - logx,. 
The geometry associated with b-metrics is discussed in some detail in [16], at least for 
manifolds with boundaries. The discussion may be readily extended to the case of corners, 
cf. [15]. In particular, the b-tangent and b-cotangent bundles, bTX and bT *X, and the 
b-form bundles, “A*X are all well-defined smooth vector bundles over X. We suppose, from 
now on, that n = 2P is even. Define, for each p, the map 
T = ~P’P- I)+/*. b 
A 
px -+b/y-px 
this is an involution; cf. [2,9]. Then “A*X splits into the direct sum 
“/j*x = “/j’x @“A-x 
of eigenspaces for z with eigenvalues f 1. 
The deRham differential and its adjoint induce b-differential operators of order one 
[16], and we define 
Since 6 and r anticommute, i) induces maps on the metric Sobolev spaces 
When X has no boundary these operators are Fredholm and the index of a+ is the 
signature of X. If X has boundary (but no corners), and g is an exact b-metric, then a+ 
is never Fredholm; its continuous spectrum extends to zero because the induced signa- 
ture operator on the boundary, &, is never invertible. Again, its L2-index is the signature 
[16], where for manifolds with boundary, or corners, the signature is defined as the 
number of positive eigenvalues minus the number of negative eigenvalues for the intersec- 
tion form on the image of relative cohomology in absolute cohomology in the middle 
degree. By [19], the L2-index still yields the signature, even when X has corners of 
codimension two. 
3. ROUNDING THE CORNER 
Let X be a manifold with corners of codimension two, with a b-metric of product type. 
We shall define a particular family of manifolds with boundary, X,, with (incomplete) 
metrics gE, depending on a parameter E, such that as E + 0 the X, exhaust X. 
Let x, be boundary-defining functions in terms of which the metric has a product 
decomposition as in (13). Since the defining functions can be scaled by positive constants 
and their values are irrelevant except near the boundary hypersurfaces they define we can 
assume that 0, = {xa < 2) for each a and that xY > 2 on O,nO, if y # CI, /I. Choose 
~E$P([W) with 4(t) = t in t <$,i< 4(t) < 1 in i< r < 1 and 4(t) = 1 in ta 1. 
Thus, (#%) < I> = { x, < l} c 0,. Now, consider 
r = fi 44-4 
x=1 
(14) 
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which is a “total boundary-defining function” in the sense that it is a product over 
boundary-defining functions. We set 
x, = {r 2 &2], 0 < E < Eg < 2-N. (15) 
If r(p) = s2 then, for at least one a, 4(x,) < 3, hence x,(p) < i, so that p E 0,. The properties 
of the x, ensure that p E 0, for at most one other fi. 
Clearly, X, is a manifold with boundary, with dX, = {r = ~~1, and the X, exhaust X as 
E tends to zero. 8X, decomposes into three subsets: 
N 
{r = s2} = ij {x, = E2, xg 2 1, P f a> 
a=1 
u ij fX@ = EL/&)(X,), 4 d xg Q 1) 
‘Z.p=1 
N 
Consider the behaviour of the metric near the boundary of X,. In the first region in (16) 
the metric is certainly a product near ax,, as follows from (13), using logx, as the normal 
variable near the boundary. Similarly, near the third region in (16) the metric in (13) can be 
written 
which again shows that the metric is of product type. In the intermediate region in (16) the 
metric is not of product type in the usual sense. However, each of the sets in this second 
region is contained in a compact subset of some 0,n08. It follows that the metric 
decomposes in this region into the product of a metric on a subset of I%!’ and one on the 
corner H,,. 
We next discuss the restriction of the metric g to 8X,, which we denote h,. We shall show 
that this family of restricted metrics on this smooth compact manifold without boundary 
undergoes, as E + 0, a surgery degeneration as treated in [ 11,143. It is also necessary to 
discuss the degeneration of h, in OxnOB since away from there the induced metric 
is independent of E. In the region where IC@, xp < $, the metric is of the form (17). 
Setting t = x,/xB reduces the metric to 2dt2/t2 + Faph,,. xB = E~/x, here, we see that 
2s = x, - E’/x,. Solving for x, yields x, = i(2.s + dw). We have 
Hence, 
t = x,2/s” = (2s + JG-GG)+c2. 
& = 2 6 + JW” &, 
E2&-52 
and so 
dt 
;=2$&2~ 
Reinserting the corner variables, we conclude that, in the third region (16), 
gE = 8 _2!ff-- + h,, 
s2 + E2 
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for some s- and e-independent metric h,,. This is precisely the form of a metric family 
undergoing analytic surgery degeneration, as defined and studied in [l 1,143. 
We have omitted the discussion of the second region in (16). Since xB > 4 this attaches to 
the metric (18) in a region where s is bounded away from 0, uniformly as E JO. The effect of 
this is to make the additional term h,, in (18) depend parametrically on E away from s = 0. 
Such a perturbation affects the arguments of [ 11 ‘J only in a trivial way. 
4. THE CORNER TERM 
In this section we discuss the form of the corner correction term, for a general Dirac 
operator (associated with a Z2-graded Hermitian Clifford module with unitary Clifford 
connection) on an even-dimensional compact manifold with corners (even though, in this 
paper, we only prove the formula for the twisted signature operator). 
Recall from (1) in the introduction the Lagrangian subspaces Aa c %*(&Ma) associated 
with each codimension one boundary of X. The definition (1) applies only for the incom- 
plete product metric on M,, but it is clear that the Lagrangian A, is independent of the 
length of the cylinder, hence could also be defined as the set of limiting values of solutions of 
a,+ = 0 in 
x*(aM,) = @ ~*W,D) 
/9 s.t. M,nM, # 0 
with respect o a complete product b-metric on M,. For this reason we call Ab the scattering 
Lagrangian associated to M,. 
The term in the signature formula coming from the corners depends only on these 
Lagrangians. This corner term is the eta invariant for a one-dimensional problem for 
IT&D, = - id/& acting on functions valued in the vector space 
v = @ &f*(H,@). 
a<pt 
Here I = Oaya where y. is the bundle map on I’, induced by Clifford multiplication by the 
normal variable at the boundary of M,. The interval [ - 1, 11 can be viewed formally as 
representing the links between M, and M,, with multiplicity the dimension of the cohomol- 
ogy of H,,. (In [ll, 141 this formal link is explained geometrically.) Define 
A = @,A, c I/ @ V, a Lagrangian in I’ 0 i/ with respect to the symplectic form deter- 
mined by I. We consider the operator ID, acting on functions Y with values in I/ with the 
boundary conditions 
(u( - l), u(l)) E A. (19) 
LEMMA 1. The operator rD, acting on functions a,: [ -1, 11 -+ V is symmetric and 
essentially self-adjoint for this boundary condition. 
It is the eta invariant of this problem, which we denote r](A), which appears in the index 
formula as the contribution from the corners. We emphasize that it depends onIy on the 
Lagrangians A,. Below we will compute it explicitty in terms of these Lagrangians; it will be 
expressed as the logarithm of a quotient of determinants of two finite dimensional matrices 
constructed from the Aa. 
Before doing this, however, we discuss briefly a slightly different way of viewing this 
corner term q(A) which has the virtue of reflecting the geometry of X more closely. We first 
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define a directed graph Y as follows. Each vertex u, of 9 will correspond to a codimension 
one boundary M, of X. We associate an edge eafl to each corner H,, provided M, n M, is 
nonempty. (If M,nM, has several components, we let 59 have that many edges connecting 
these two vertices.) We identify each emB with the interval [ - 1,l) with orientation accord- 
ing to the (arbitrary, but fixed) ordering of the codimension one boundary faces; thus the 
end of emB at v, will correspond to the end s = - 1 of [ - 1, l] provided a < /?. 
Over each edge eorS we consider the trivial vector bundle Yf*(H,,). On sections NB of this 
vector bundle the Dirac operator yaD, is defined. We define a smooth section of the graph to 
be a collection of smooth sections {s,~} on each edge of the graph. The Dirac operator by on 
the graph is defined to be the operator y$, on each edge, with a boundary condition at each 
vertex. For vertex v, we have a value Q(v,) E R*(H,,) for each edge cap. The collection of 
these values lies in @pX*(H,p) = V,. The boundary condition for a9 is that this lies in the 
Lagrangian subspace A, for each a. Then it is not hard to see that this operator is symmetric 
and that its eta invariant, ~(a,), is identical to the eta invariant q(A) defined above. 
When there are only two codimension one boundary components, Ml and Mz, 
and a single connected corner H, then 3’ is simply the interval [ - 1, l&, and the boundary 
conditions for FD, are simply that u( - 1) E Ai and v( + 1) E AZ. This was the situation 
considered in [ 111, and the associated eta invariant q(A) was computed directly in terms of 
determinants of matrices associated with the AN. We generalize this formula now. 
To state the result, recall the notation introduced in Section 7. The direct sum of the 
reflections S, : V, + V, across the Lagrangian A, is S: I/ 0 V -+ I/ @ V’. We define two 
operators SL and SR from V to V by 
S is the reflection across A = @,A,, and interchanges the f 1 eigenspaces of I = @ ya (y. is 
the Clifford action of the normal to the boundary on V,). Since F is diagonal with respect o 
the decomposition of V into the null spaces of the a,,, the matrices SL and SR also 
interchange the + 1 eigenspaces of F, and therefore both matrices decompose into the 
off-diagonal block form (6). Define S = Sr + SR; S may also be expressed irectly in terms of 
S via the addition map T : V @ I/ + I/ defined by (Y ‘,Y “) HY ’ + T “: 
S(T) = T 0 (S(T,l- )). (22) 
Finally, recall the definitions of the matrices G and A in (7). With this notation, we may state 
our result. 
LEMMA 2. The matrix GA is diagonalizable, so P,, is dejined, and the eta invariant q(A) 
satisfies 
q(A)=itrP,,. 
ProoJ We first observe that the spectrum of ID, is rc-periodic; this follows by direct 
inspection. The eta invariant of an operator with x-periodic spectrum is given by the sum 
SIGNATURE THEOREM FOR MANIFOLDS WITH CORNERS 1065 
over eigenvalues zj E (0, x). We first show how to obtain any of these eigenvalues in terms of 
the matrices G and A, and after that show how to eliminate the zero eigenvalues. 
If z E [0,x) is an eigenvalue, then the eigenfunction u can be written as a sum over all 
c( and p (such that M, meets M, nontrivially) of functions of the form 
where 4as and $ns lie in the + 1 and - 1 eigenspaces of I, respectively. The boundary 
conditions require that at each M,, the boundary value of the eigenfunction lies in As. 
Notice that with our conventions, the boundary H,, in 8M, corresponds to s = 1 for a < /I, 
while for y > /I the boundary H,, in 8M, corresponds to s = - 1. The boundary condition 
on V, is 
This can be rewritten 
Now apply I and use the identity III; = &I. This gives 
Adding and subtracting these two equations gives 
(25) 
on I’,. Next, sum over 8. To write this in a convenient form, let @ denote the vector 
consisting of all the 4ols and similarly for Y. Then in the notation of (6), (25) becomes 
Id 
-&.+ 
-$-)((I)) = -e-2iZ( _‘s”,,+ (26) 
For notational convenience, denote the matrices appearing on the left- and right-hand 
sides of (26) by A and B, respectively, and let r denote the column vector with entries 0 and 
‘3’. Also, let G be the generalized inverse of B which vanishes on null(B) and inverts B on the 
orthogonal complement of null(B). Multiplying both sides of (26) by G shows that if 
Y corresponds to the eigenvalue z E [O,rc) of ID, as above, then 
(GA)T = - e-2i”ll,‘,,,,,,Y. 
To continue, we must understand the relationship between the null space of B, and the 
eigenvalue z = 0 and its corresponding eigenvector T. First note that regardless of the value 
of z, if BY = 0, then by (26) AT = 0 as well. 
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We now show the equivalence of the following four conditions: 
(i) z = 0, 
(ii) (A + B)Y = 0, 
(iii) S(T,T) = (Y,Y ), 
(iv) AT = BY = 0. 
The equivalence of(i) and (iii) is clear. For, any element Y = (Y,,) of the null space of ID, is, 
by definition, constant along the edges, and at each vertex ug the sum CaXBYbLB + &<,Ys, 
is an element of As. But this corresponds exactly to the condition (iii). The implication 
(iv) * (ii) is also obvious. Also, if z = 0, so (i) is satisfied, then immediately from (26) we get 
(ii). It remains only to demonstrate the implications (ii) * (iii) and (iii) *(iv). 
For the first of these, write the condition (A + B)T = 0 as 
( Y+ 2) (G) =(:) (27) 
or equivalently, ST = 2Y. We shall show that this implies that (T,T ) is in the intersection of 
A and the diagonal of V @ I/, which is the same as (iii). To see this, let S(Y,T ) = (Y, C”); we 
must show that C’ = X” =r. Since S is orthogonal, l(Y,C”)12 = l(Y,Y)12; also, by the 
definition of S, C’ + C” = 2r. Subtract the square of the norm of this second equation from 
twice the first equation to get 
IX’12 - 2C’.C” + IX”12 = 1z - C”I2 = 0. 
This proves the claim. 
To prove the final implication, regard S as the direct sum SL @ SR : V @ I/ + V @ V and 
write S in block diagonal form with respect to this splitting, which in turn splits into 
I-eigenspaces 
0 0 0 
. 0 0 0 SR,_ 
0 0 SR, + 0 
Applying this to (T,T) shows that AT = BT = 0, as desired. 
Combining this chain of equivalences with (26), we conclude 
(GA)T = 
i 
o_e-2i’r : ~ F~ 
It remains only to show that T runs over a complete set of eigenvalues of GA. The 
dimension of GA is K E dim I/. The number of eigenvectorsr is the number of eigenvalues, 
counted with multiplicity, in the interval [0,x) of the first-order system I’D,, which acts on 
functions valued in I/, a vector space of dimension K. By Weyl’s law the number of 
eigenvalues in the range [0, A] is K12/7c + O(1) as 1 + co. Since the spectrum of ID, is 
n-periodic, ID, must have exactly K eigenvalues in the interval [0, R). Thus, all eigenvalues 
of GA are accounted for. In particular, GA is diagonalizable. 
that 
(28) 
In conclusion, we have shown that the eigenvalues z of ID, in (0,rr) correspond 
bijectively, with multiplicities, to the eigenvalues -e-2iZ of GA. Summing over all such z, 
and writing _e-ziz = eiX(l-zz/X), we see that the sum (23) is precisely (l/in) trlog’ GA = 
(l/in)trP,. q 
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In the special case where there is only one corner H = Hi 2, there is a simpler expression 
for this one-dimensional eta invariant. The Lagrangian Ai, representing scattering data on 
Mi, gives the boundary condition at s = - 1 while A2 gives the boundary condition at 
s = 1. As before, S, are the orthogonal reflections across the A,. Now define 
p(A1, AZ) = k tr log’I(Z - SiSJ. 
A simple computation shows that this formula is equivalent o (23). 
It was shown directly in [ 1 l] that 
This quantity first appeared in the work of Lesch and Wojciechowski [12] for arbitrary 
Lagrangian boundary values, and was employed by Bunke [.5] in his gluing formula for the 
eta invariant, cf. also the work of Wojciechowski [26] and Dai-Freed [S]. 
5. PROOF OF THEOREMS 
In this section we complete the proof of the signature theorem, Theorems 3, for 
a b-metric of product type, and then deduce Theorem 1 as a (trivial) corollary. 
As noted in the introduction we start from the Atiyah-Patodi-Singer index formula for 
the submanifolds X, constructed in Section 3. There is a small difficulty, due to the fact that 
the metric is not quite of product type in a neighbourhood of the boundary, so the results of 
[2] do not apply immediately. The index theorem was extended to general metrics by 
Gilkey [9]. Rather than use his general result we can proceed directly in the present special 
circumstances to arrive at 
LEMMA 3. For a b-metric of product type on X and E > 0 sufficiently small the 
Atiyah-Patodi-Singer signature formula on X, becomes 
sign(X) = 
s 
9 - + r(%) (29) 
X 
where Y is the Hirzebruch L-polynomial of the metric on X and & is the induced Dirac 
operator on 8X,. 
Proof: Let r be the signed distance from dX,. Flowing by the gradient of 7 recovers 
the product structure near the boundary wherever the metric is a product. In the second 
region of (16) the 7 direction does not split metrically; however, there the metric is the 
product of the corner metric, h,,, and a metric on a two-dimensional factor parametrized by 
7 and one tangential variable s. Let us call a metric which splits off either a one- or 
two-dimensional factor a metric of “generalized product type”. Consider the augmented 
region 
x: = X,u([ -S,O), x ax,). (30) 
Choosing 6 > 0 very small the original metric is still a generalized product in the collar. The 
metric g: on XL can be changed by a homotopy which is constant on X, through metrics of 
generalized product type on the collar to a metric which is strictly of product type near 
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r = - 8X:. Indeed this can be done in such a way that the final induced metric on aXi 
equals h,, the metric on 8X:. 
Now, we can apply the signature formula of [2] to XL: 
sign(X) = sign(X:) = sign(X,) = 
JJ 
9’ - $@J. (31) 
x. 
Here b, is the induced Dirac operator on 8X:, which of course is the same as the induced 
Dirac operator on 8X,, and LZ” is the Hirzebruch class for the metric on XL. Whenever the 
metric is locally a product of a metric on two factors, one with dimension less than 4, the 
volume part of the L-class vanishes pointwise. In particular this applies to the collar of 
XL so the integral in (31) reduces to one over X,. The same argument applies to the original 
metric, so the integral over X reduces to that over X, and (29) follows. cl 
This index formula shows that u(i)J is independent of E. Thus, to prove formula (9) we 
only need show that ~(a,) reduces to the sum of the second and third terms in (9). Observe 
that the family of boundary operators is well-behaved in the sense that no eigenvalues cross 
zero; this is clear since the dimension of the null space is cohomological, hence independent 
of E. (Note that it is only here where we use directly that 3, is the signature operator; the 
same arguments lead to mod Z formulae for general compatible Dirac operators on X.) 
Finally, the signature theorem is a direct consequence of the result in [11] on the 
degeneration of the eta invariant. We recall that result (in the more general context of Dirac 
operators for Hermitian Clifford modules). 
THEOREM 4. Let gE be a family of metrics on some odd-dimensional manifold M undergoing 
analytic surgery degeneration. Let b, be a compatible Dirac operator associated with this 
family. Let M, denote the family of manifolds with exact b-metrics obtained in the limit, and 
let A be the Lagrangian subspace determined by the scattering data on the M,. Then for 
E sujiciently small, 
vr(&) = C bn(b~J + ~(4 + r(iks) + nki(& 
a 
where r is a smooth function of ilg E z l/log( l/a) vanishing at 0 and qfd(e) is the signature of 6, 
acting on the sum of eigenspaces corresponding to very small eigenvalues, i.e. those which decay 
faster than any power of ilg E. 
We remark that in [11] the additional term at the corners was only obtained in the 
special case where there are two M, and a single intersection H. However, the extension of 
that proof to this more general case requires only notational changes. We note that there 
are several other proofs of this “gluing formula”; cf. [S, 26,8]. 
It is shown in [6] or [lo] that for cohomology twisted by a flat bundle all of the very 
small eigenvalues are identically zero (it follows from the Mayer-Vietoris sequence for 
cohomology). Thus, Q~(E) is identically zero and so the limit of q(i),) as E JO is 
Inserting this into (29), and using the results of the last section, the proof of Theorem 3 and 
of (8) (for flat bundles) is complete. The R/Z extension of Theorem 3, mentioned after the 
statement, follows once it is noted that the only dependence of the index density AS in (2) on 
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the metric (on X) is through the Pontrjagin forms; these are unaffected by the deformation 
of the metric on the two-dimensional factor. 
Theorem 1 is an immediate consequence of Theorem 3. We need simply to compare the 
incomplete metric to a corresponding product b-metric. Then each term in (4) is equal to the 
corresponding term in (9). The signature is a topological invariant, so is unchanged by 
a change of metric. The integral of the L class is unchanged because the integrand vanishes 
pointwise in any region where the metric is a product of factors whose dimensions are not 
both divisible by four. The b-eta invariants are equal to the eta invariants as defined with 
respect to augmented APS boundary conditions; this has been shown by Miiller [20]. 
Theorem 1 follows. This reasoning, along with the preceding comments on the index 
density, proves the general case Theorem 2 as well. 
6. WALL’S NONADDITIVITY OF THE SIGNATURE 
A direct corollary of Theorem 1 is Wall’s formula [25] for the nonadditivity of 
signatures for manifolds with boundary (and corners). As is well known, if X is a com- 
pact manifold without boundary, and it is written as a union X = X, u,,X_, where 
M0 = X, nX_ is a closed hypersurface, then o(X) = 0(X+) + 0(X_). Wall considers 
the situation where X has boundary, and the dividing hypersurface M0 intersects dX 
and divides it into two pieces M + and M_ . Now X disconnects into two pieces, X, 
and X _, each of which are manifolds with corners of codimension two. Let H = 8X n M,, . 
Assume that X is endowed with a metric which is a product near ax, M. and H. 
Associate to each M,, CI = - ,O, +, the scattering Lagrangian A, in Y?*(H). Then Wall’s 
formula is 
o(X) =0(X+) + 0(X-) + r(W,A-,&,A+) 
where W = Z’*(H). The signature defect r(W,A_,A,, A+) was shown by Wall to be the 
Maslov index of the three Lagrangians in the symplectic vector space W (the symplectic 
structure being defined by composition of the cup product with Poincare duality and taking 
the degree zero part). Wall, however, states his formula dually, in terms of homology; there 
A, c %2k_ ,(H) is the null space of the map xZk_ ,(H) + Afzk_ ,(M,). 
Bunke [5] discusses this formula in relationship to gluing formulae for the eta invari- 
ant. His intent is to use this formula to get a “synthetic” derivation of this gluing formula 
(he also proves the gluing formula analytically). As noted in the introduction, to perform 
his calculation he has to use the signature formula for X, which is only proved 
here. Nonetheless, he recalls from [13] the important observation that while r is not 
a coboundary in the complex of measurable cochains invariant with respect o the symplec- 
tic group on the Lagrangian Grassmanian 9, it is one in the complex of K-invariant 
measurable cochains 
structure induced by 
dp = T is defined by 
(where K is the unitary group on W associated to the complex 
the Hodge star operator). An explicit K-invariant 1-cocycle p with 
~(AI>A~) = 
s 
r(A,,A,,kA)dk 
K 
where dk is Haar measure on K and A is an arbitrary third Lagrangian. When A+ and 
A _ are the scattering Lagrangians associated to the two components of M = M+ uM_, 
he shows in [S] that p(A+,A_) is the extra term in the gluing formula for the eta 
invariant. 
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For completeness we present Bunke’s derivation of the signature defect from the 
signature formula. The standard APS theorem for X says that 
while for X, Theorem 1 states that 
and similarly 
0(X_) = 
I 
Y(P) - ~(v@M_,A-) + rl(o~,,Ao) + rl(A-,Ao)). 
X- 
Here q(A_, A0) and q(Ae,A+) are the eta invariants for the one-dimensional problem 
discussed above, with boundary conditions u_ ( - 1) E A_, u_ (1) E A0, and v+ ( - 1) E AO, 
v+(l) E A+. The sign for the second occurrence of @.&,,A_) is positive because in the 
second occurrence Me is taken with the other orientation, which is equivalent o changing 
the sign of the operator and hence the eta invariant. 
Subtracting the sum of the second and third formulae from the first yields 
a(X) - a(X+) - 0(X-) = &(&+,A+) + v(&K,A-) - V&X) - r(A-,120) - rl(Ao,A+)). 
Using the gluing formula for the eta invariant for the decomposition M = M- uM+ from 
[l l] or [4] we get 
rl(b+,A+) + rl(b_,A-) + v(A+,A-) = Max). 
Inserting this above we find that 
a(X) -0(X+) - 0(X-) = -%(A-,A,) + rl(Ao,A+) + r/(A+,A-)). 
Finally, using Bunke’s identification of v(A~, AB) with p(A,, A,) and since dp = r, we arrive 
at Wall’s formula for nonadditivity of the signature. (N.B: Our formula is somewhat 
different from Bunke’s because of different conventions.) 
7. A MODEL CASE AND PRODUCT FORMULAE FOR THE b-ETA INVARIANT 
We shall now examine the simplest model situation for a manifold with corners of 
codimension two, namely a product of two manifolds with boundary. We examine the 
signature formula here and reinterpret its terms in this context, thus giving a check on our 
formula. In the course of this, we need to find a formula for the b-eta invariant of a product 
of two manifolds. We examine this last question for more general Dirac-type operators. 
To start, then, let X1 and X2 be two manifolds with boundary, with product (or exact) 
b-metrics g1 and g2. For notational simplicity, we only investigate the untwisted signature 
formula, and thus we assume that dim Xi = 4ki. Also, let Yi = aXi. 
Since the signature of X, x X2 is the product of the signatures of Xi and X2, and since 
the L class is also multiplicative, we may simply multiply the Atiyah-Patodi-Singer 
formulae for the two manifolds to obtain 
0(X, XX,) = L12 - h(YlW2 - 3h(Y2) + ~Wlh(Y2) 
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where we have used the notation Li = jx, L and Liz = lx, x x1 L. We could also replace Li by 
a(Xi) + q(Yi) to obtain the equivalent formula 
4x1 xX2) = LlZ - $l(hbw2) - tGwl(y2) - awMy2). 
Now we compare the terms in this formula to those which appear in Theorem 3. 
The term on the left and the first term on the right appear both here and in that 
formula. Thus, we need only understand the relationship of the other terms on the right 
to the b-eta invariants of X, x Y2 and Y1 xX2, and the term involving the scattering 
Lagrangians. 
We first make a digression to discuss general compatible Dirac operators on product 
manifolds and the multiplicative behaviour of the b-eta invariant. Suppose now that X is 
a manifold of dimension 2k and Y has dimension 2e - 1. Suppose X and Y have spin 
structures; their associated Dirac operators, bx and ar, act on their respective spin bundles 
Sx and Sy. Note that bx is odd on the Z,-graded spin bundle Sx = S$ @ S,, while Sy is 
ungraded. Now, even though X x Y is odd-dimensional, its spin bundle has a Zz grading 
inherited from a reduction of the principal bundle Spin (X x Y) to Spin(X) x Spin(Y). This 
grading is just Sx x y = S,’ Q Sy 0 S, Q Sy . Correspondingly, the Dirac operator ox x y may 
be regarded as a matrix 
( IQaY a; Q I 
~=(s,+ 0 S,) P(Sx’ Q Sy) 
d xxy= fixQI -IQi3y : 1 0 -+ 0 
~m(s, 0 SY) qmts, 0 SY) 
This may be checked in several different ways. For example, since it is a local formula, we 
may assume that Y has no boundary and that Y = 8Z, where Z is spin and has a product 
metric near the boundary. Then the Dirac operator on Z,bz:V’(S~) + %?(S,) may be 
written near the boundary as ~(8, + by), where x is a defining function for Y in Z and y. 
Clifford multiplication by a/ax, is an isomorphism between S,’ and S,. The Dirac operator 
on X x Z may be written similarly as y(a, + a xx y), but it may also be expressed in terms 
of the Z12 grading Sxxz = S:,, @ S,,, whereSi,z=SiQ$@S;QS; andS,,,= 
S,: Q S, 0 S, Q St. Writing ox x y as a matrix, corresponding to this splitting, and 
comparing with the other form, gives the desired expression. 
One consequence of this is that if both X and Y are compact without boundary, and 
if 1 is a nonzero eigenvalue of 8, and p is an eigenvalue of oy, then -tJm are 
eigenvalues for a, x y. In particular, many of the nonzero eigenvalues occur in pairs of 
opposite sign; the ones that do not can only arise when 1 = 0. This leads to the following 
well-known result. 
LEMMA 4. Let Xzk and Yzl-l be compact and without boundary, and let bx and dy be 
(generalized) Dirac operators, as above. If b xx y is the induced generalized Dirac operator on 
X x Y, then its eta invariant, q(axxy) is given by ind(bx)q(6y). 
One quick proof of this, at least when Y = aZ (which we may as well assume by 
replacing Y by a finite number of disjoint copies of it), is to multiply the Atiyah-Singer 
formula for bx with the Atiyah-Patodi-Singer formula for 3, to get 
ind(ox)ind(bz) = jx AS(ax) jz AS(&) - %(ind(a,)~(a,)). 
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It is easy to check that the index of ~3 xx Z is the product of the indices of i)x and BZ, and that 
the Atiyah-Singer integrands are also multiplicative in this case. On the other hand, the 
Atiyah-Patodi-Singer formula for X x 2 labels the index defect as q(Bx x r). Comparing 
these two formulae gives the result. 
We shall present another proof which will generalize to when X or Y has boundary. 
Namely, we use the heat-kernel representation 
using (7) and the fact that I x a, and b: x I commute with one another, we reduce this 
immediately to 
1 
Js 
7c xxy t-‘i2Str(e-‘a~)Tr(i)ye-‘a$dt. 
By the McKean-Singer identity, the supertrace Str(e -“t) is independent of t, and is equal 
to the index of bx. This can be pulled out of the integral, and what is left is simply the eta 
_ density for ay. Performing the integration yields the result once again. 
We now consider the first of two generalizations. 
PROPOSITION 1. Suppose that X is a compact even-dimensional man$old without boundary, 
and that Y is an odd-dimensional compact manifold with boundary, with an exact b-metric. 
Suppose that ax, ay and a, x y are generalized Dirac operators, as above. Then 
The proof of this is again immediate from the formalism above. In fact, the b-regularized 
integral 
reduces by the same considerations to 
Str(emza:) 
s 
co 1 t-II2 bTr(6ye-‘a;)dt. 
06 
As before, the term in front is simply the index of a,, and the integral defines the b-eta 
invariant of by. 
The most interesting case is the one that pertains to our signature formula, namely when 
X has a boundary and Y does not. 
PROPOSITION 2. Let X be a compact 2k-dimensional manifold with boundary, with exact 
b-metric and suppose Y is a compact (2e - 1)-dimensional man$old without boundary. 
Let bx and By be compatible generalized Dirac operators, and denote by aax the induced 
compatible Dirac operator on 8X. Then 
m brl@~.~) = ind(WdW - s s t=O :=, -$r-1/2Tr(dye-‘a$ 
‘I2 Tr(&,e -ta+ dz dt. 
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Proo$ We shall let e&t) and er(t) denote the eta densities, 
e(t) = (7ct)_ 1/2 Tr (B exp( - ~3~)) 
with 6 = aax or by. Similarly beX x &) will denote the b-eta density for bxx r (where the Trace 
has been replaced by a b-Trace). Now we return to the original defining formula and use the 
same reductions as before to get 
s cc bexxr(t)dt = s m bStr(e-‘ai)ey(t)dt. 0 0 
Unlike before, though, neither of the factors in the integrand is constant in t. Instead, we 
integrate by parts, passing to the antiderivative Er(t) = & ey(z)dz and differentiating the 
b-supertrace. The all-important fact here is that this last derivative is precisely the eta- 
density e&t), 
g bStr(e-“:) = e&t). 
This is proved in [16]. Now we perform the integration by parts to get 
Im f” F” r’ 
‘Str(e-‘~~)E~(~) - 
I J 
e~~(t)E~(t)dt = ind(~~)b~(~r) - 
9 J 
edx(t)ey(r) d7 dt 
t=o 0 r=o i=o 
as desired. El 
Applying this to the signature complex yields 
ey(T)eax(t)dz dt. 
We will establish below that the corner correction terms vanish for the product case, so 
using this proposition the defect terms reduce to 
b?tb, XY ,) + byltaY, xx ,) = 4G)b&,) + 4x2)brl&,) 
Now finally observe that if we interchange t and r in the second summand of this integral, 
then the two integrands together sum to 
We finally study the scattering term at the corner. We do this for general compatible 
Dirac operators. As before, we assume for simplicity that Y, and Y2 are connected, so that 
H = Y1 x Y2. Of course, H = 3(X, x Y,) - 8(Y1 x X2). We need to identify the Lagran- 
gians Al2 and Azl, which are the asymptotic limits of solutions of the Dirac equation 
a&, = 0 on Xi x Y2 and Yz x X1, respectively. For convenient, let l’i = nuIl(~,J and 
I/ = T/j @ V2 = null(ZTy,x r,). Also let Ai c Vi denote the scattering Lagrangian for axi. 
First, we prove an elementary result. 
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LEMMA 5. Let X2k be a man$old with boundary carrying on exact b-metric and Y2’-l be 
compact without boundary. Then the scattering Lagrangian &xx y c n1.111(&~ y) may be 
identijied with ACx 0 null(&). 
Proof: Using the representation for dXxY above, we see that we can generate all 
solutions of tixx y$ = 0 as column vectors with components CI @ q5+ and a 0 q5_, where 
&cc = 0 nd isx4i = 0. 0 
Using this lemma, we see that the set of limiting values of solutions from X1 x Y2 is 
Ai @ V,, and the limiting values from Y1 x X2 is V, @ A2. This means that the contribu- 
tion from the corner is the eta invariant of the operator yD, on the interval [ - 1, l] acting on 
functions with values in Vr2, with boundary conditions $( - 1) E Vr @ A2, t,k( + 1) E 
A1 @ V,. Now 
V, 0 A2 = (AI 0 A2) 0 (A: 0 A,), Al 0 J’2 = (A1 0 A2) 0 (A1 0 At,. 
Also, yD, acting on functions with values in Ai @ A2 is spectrally symmetric. Hence, the 
corner term reduces to the eta invariant for yD, acting on functions with values in VI @ V2 
with boundary condition $( - 1) E Ai @ A2, $( + 1) E A1 @ Af. It is not hard to see that 
this operator is spectrally symmetric as well. In fact, if 4(s) is a solution of yDS~ = z$ and 
& -1) E Ai @ A2, c$( + 1) E Ai @ A:, then 4(s) G y4( -s) is an eigenfunction of yD, with 
eigenvalue -z and satisfies the boundary conditions (since y interchanges Aj and A:). 
Hence, 4 is an eigenvalue of the same boundary problem with eigenvalue -z. Hence 
q(Ar2, A2r) vanishes. Hence, in the expression (9) for X1 x X2, the sum of b-eta invariants 
accounts for the last three terms of (7) and the corner correction term vanishes. Thus, we 
have verified the formula (9) when X is a product of 4k-dimensional manifolds with 
boundary. 
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